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Abstract We investigate similarities and differences between natural and simulated slow earthquakes using
nonlinear dynamical system tools. We use spatio-temporal slip potency rate data derived from Global
Navigation Satellite System (GNSS) position time series in the Cascadia subduction zone and numerical
simulations intended to reproduce their pulse-like behavior and scaling laws. We provide metrics to evaluate the
accuracy of simulations in mimicking slow earthquake dynamics. We investigate the influence of spatio-
temporal coarsening as well as observational noise. Despite the use of many degrees of freedom, numerical
simulations display a surprisingly low average dimension, akin to natural slow earthquakes. Instantaneous
dynamical indices can reach large values (>10) instead, and differences persist between numerical simulations
and natural observations. We propose to use the suggested metrics as an additional tool to narrow the divergence
between slow earthquake observations and dynamical simulations.

Plain Language Summary Earthquakes are natural phenomena resulting from the Earth's crust
cyclically loading and unloading. The unpredictability of seismic events, combined with the large energy they
release during the co-seismic phase, poses not only scientific challenges but also significant threats to numerous
populated regions at risk. Numerical simulations of the seismic cycle are widely used to better understand the
dynamics of this natural phenomenon. Nonetheless, a direct comparison of earthquake observations and
numerical simulations of the seismic cycle is currently prevented by the lengthy recurrence time of large seismic
events rupturing the same fault segment and the short observational record at our disposal. Slow earthquakes,
exhibiting lower recurrence times, serve as a viable alternative for validating models against real-world
observations. We investigate similarities and differences between natural and simulated slow earthquakes
through the lens of nonlinear dynamical system theory. We study the effects of observational noise and spatio-
temporal coarsening putting the simulations in conditions like real-world observations. We find that
observational noise does not suffice to explain the higher complexity retrieved for natural observations. By
refining our understanding of these dynamical systems, this study contributes to advancements in seismic
research, offering a picture of the complexities involved on active faults.

1. Introduction

The Earth's crust is complex and with many degrees of freedom (dof) active at different spatio-temporal scales
(Ben-Zion, 2008). On the one hand, it has been proposed that the complexity manifested by earthquakes is due to
the natural tendency of the Earth's crust toward a self-organized or near-critical state with infinite dof (Bak &
Tang, 1989; Main, 1996). On the other hand, infinite dof may result from a continuum representation of the
Earth's crust, but fault segmentation is commonly observed at plate boundaries (Philibosian & Meltzner, 2020),
and the aperiodicity of earthquake recurrence can be interpreted as the result of low-dimensional chaotic behavior
(Becker, 2000; Huang & Turcotte, 1990; McCloskey & Bean, 1992).

Being able to measure how many effective dof are active in a system is key to set up an appropriate model to
describe it. Several data-driven techniques to measure the number of dof in the absence of explicit governing
equations exist (Cao, 1997; Faranda, Messori, & Yiou, 2017; Grassberger & Procaccia, 1983; Sano &
Sawada, 1985). To apply them, two major requirements must be satisfied: (a) we need sufficiently long time
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series, to observe the attractor in many regions of the phase space; (b) we need a sufficient sampling rate, with at
least a handful of samples to cover dynamical features (e.g., instabilities) of interest. Regular earthquakes
typically exhibit long recurrence times ranging from several decades to millennia. For this reason, laboratory
analogs (Leeman et al., 2018; Rosenau et al., 2017; Tinti et al., 2016) or numerical simulations (Cattania, 2019;
Dal Zilio et al., 2019; Lapusta & Liu, 2009) are extensively used to study the seismic cycle. A direct comparison
with the earthquake cycle in nature has been so far prevented because of the paucity of instrumental observations
of recurring events rupturing the same fault segment. It follows that the available observations for regular
earthquakes typically fail to fulfill the first requirement mentioned above. To overcome this issue at natural scale,
slow slip events (SSEs), here referred also as slow earthquakes, provide an optimal focus, exhibiting parallels to
regular earthquakes but with abbreviated recurrence times, approximately months or years, overcoming the
observational limitations of the latter (Schwartz & Rokosky, 2007). SSEs are not as destructive as regular
earthquakes but can reach magnitudes larger than seven and perturb the stress field in the surrounding of active
faults (Radiguet et al., 2012). The actual role of SSEs in seismic hazard estimation has not been fully investigated
yet, but stress perturbations induced by SSEs can potentially trigger large earthquakes (Radiguet et al., 2016), and
they may be used to improve the estimate of time-dependent earthquake probabilities (Gomberg et al., 2005; Voss
et al., 2018).

We use state-of-the-art spatio-temporal slip rate solutions relative to the Cascadia subduction zone (Michel
et al., 2019a) and numerical simulations designed to mimic the natural behavior (Dal Zilio et al., 2020). A
characterization of dynamical properties from kinematic solutions in Cascadia is already available (Gualandi,
Avouac, et al., 2020). Here we want to characterize the data generated by numerical simulations and compare
these results with those derived from real-world data analyses. Our study aims to provide insights to the earth-
quake modeling community to validate simulations against natural SSEs.

We apply metrics and complexity measures deduced from nonlinear dynamical system theory to both simulated
and natural slow earthquake data. In particular, we estimate and compare the values of the local dimension d,;
(Faranda, Messori, & Yiou, 2017), of the local extremal index @ (Faranda, Messori, & Yiou, 2017), of the
maximum Lyapunov exponent 4,,,, (Parlitz, 2016; Wolf et al., 1985), and of the spectral entropy Hy, (Llanos
et al., 2017) (see Section S1 in Supporting Information S1). Our results suggest that natural slow earthquakes
exhibit more complex and less predictable behaviors compared to those modeled by our state-of-the-art numerical
simulations, but both are characterized by a low (<5) average dimension. Our findings underscore a discrepancy
between the dynamic complexities inherent in natural slow earthquake behaviors and the predictions from current
deterministic models of fault slip. To bridge this gap and enhance the accuracy of physics-based models, we call
for the integration of both asymptotic and time-dependent (or local) dynamical metrics into the evaluation
processes of numerical simulations. This enhancement will steer slow earthquake modeling toward improved
accuracy, potentially fostering advancements in effective slow earthquake forecasting. We further indicate
possible directions to reconcile the opposite views of low-dimensional chaos and self-organized criticality (SOC).

2. Data

All data used in this study are publicly available. For natural slow earthquakes, we use the slip potency p, equal to
the product between the area that slipped and the amount of slip, derived from the daily position time series of 352
GNSS stations in Cascadia, spanning the time range 2007.0-2017.632 (Michel et al., 2019a). The Cascadia
megathrust exhibits a distinctive slow-slipping belt at a depth of approximately 30-40 km. Gualandi, Avouac,
et al. (2020) used the segmentation proposed by Michel et al. (2019b) and estimated nonlinear dynamical indices
for each slipping segment from the slip potency rate p. Their results suggest that the northern segments show a
dynamics that is not ascribable to a pure stochastic process.

Dal Zilio et al. (2020) conducted numerical simulations on a planar fault governed by rate- and state-dependent
friction (Dieterich, 1979; Ruina, 1983). The central section of the simulated fault, spanning approximately
300 km, features a frictionally unstable velocity weakening zone embedded within a loading section of fric-
tionally stable rate-strengthening zone creeping at 40 mm/yr. This loading rate parallels that of Cascadia, and the
size of the fault corresponds to the northernmost segment of Cascadia, extending roughly from latitude 47°
northwards. The model is based on a set of Partial Differential Equations (PDE) with five dynamical variables:
slip velocity, shear stress, rate- and state-friction state variable, pore pressure, and fault zone dilation (Segall &
Rice, 1995). The values used for the model parameters can be found in Table S1 of Dal Zilio et al. (2020).

GUALANDI ET AL.

2 of 10

858017 SUOWWOD 3AII1D 8|qedt[dde au Ag peuseAob e Sa[o1e YO ‘88N JO S3INJ 0} A%eiq18UIIUO /8|1 UO (SUORIPLIOD-PUR-SWIRY/LIO B 1M ARIq 1 BU1|UO//:SANL) SUORIPLOD PUe SWe | 8U188S *[7202/20/.T] uo A%iqiauluo A8 (1M ‘G¥860T 19%202/620T 0T/I0p/wiod e Ariqijpuluosqndnfe//sdny wouy papeojumod ‘T ‘7202 ‘20087761



V od |
AGU

ADVANCING EARTH
AND SPACE SCIENCES

Geophysical Research Letters 10.1029/2024GL.109845

Theoretically, a system governed by PDEs represents a continuum system, and as such should have an infinite
number of dof. However, numerical solutions for PDEs necessitate discretization, effectively resulting in a so-
lution for a large coupled Ordinary Differential Equations (ODE) system. Accordingly, the expected maximum
number of dof equates to the product of the number of patches used for fault discretization and the count of
variables essential for comprehensive system characterization (five in this context). To align with the geodetic
inversion size of a dense GNSS network, we downsampled the results of our model to 2.5 X 2.5 km? (e.g.,
Gualandi et al., 2017; Johanson et al., 2006). The model itself utilizes a resolution of 250 m to properly resolve the
nucleation size (Rice & Ruina, 1983) and the cohesive zone size (Day et al., 2005). Similarly, we utilized an
adaptive time-stepping to capture both long- and short-term processes (Lapusta et al., 2000). Subsequently, we
downsampled the temporal resolution to daily sampled data, commonly used in the study of SSEs around the
world (e.g., Kano et al., 2018, and references therein). While the simulations were executed at finer spatio-
temporal resolutions, our modifications emulate observations in real-case scenarios. Given the spatial and tem-
poral modifications, the simulated data comprise a spatial grid of 2,560 patches, with 928 in velocity-weakening
regions, amounting to 56,826 time snapshots, equivalent to over 150 years. Similar to Cascadia, we limit our
analysis to the slow slipping velocity weakening region. As a consequence, we might expect a number of dof as
high as 928 X 5 = 4,640.

Some noticeable differences about fault geometry, inter-event times and adopted observable for the analysis
emerge after a first visual investigation, and are reported in Section S2 in Supporting Information S1. Here we
notice that the slip potency rate, that is, the time derivative of the slip potency p, for numerical simulations spans
several orders of magnitude, and a natural way to study it is to analyze its Log, value. Furthermore, the numerical
simulations use as variable the logarithm of the slip velocity, making it a suitable variable to compare observed
and simulated data. In the following we are going to show the results obtained studying the time series of the
variable ¢ = Log,,(p) for both data sets. In Figure 1 we show in map view the maximum value of ¢ for each patch
(panels a and b), and the time evolution of { integrated over the whole slipping area (panels ¢ and d). Figure S1 in
Supporting Information S1 shows the same but for p instead of {. To avoid unphysical backslip, a variation
regularization filter (Chartrand, 2011) is adopted when dealing with data corrupted by observational noise (see
Section S3 and Figure S2 in Supporting Information S1). In Figures S3 and S4 in Supporting Information S1 we
show the power spectrum of the time series reported in panels ¢ and d of Figure 1.

3. Results
3.1. Local Dynamical Metrics d, and 6

Figure 2 shows the local dynamical indices d; and 6. All panels are color coded using the value taken by the
variable ¢ at a given time ¢ integrated over the whole slipping area. To ensure an estimate for the extremal index,
we have chosen a quantile threshold starting from 0.99 and decreased it by 0.01 until at least one of the neighbors
is not temporally adjacent to the current configuration under exam. Table S1 in Supporting Information S1
summarizes the quantile threshold for all the considered cases. The local indices for numerical simulations tend to
be smaller than those for natural slow earthquakes. In particular, we find that the maximum dimension takes
values max{d}*} ~ 30 versus max{d}™} ~ 13, the average dimension (or information dimension D,) is
D} ~ 3.1 versus Dslim ~ 2.3, and the extremal index ranges are 6°° € [0.009, 0.12] versus 6™ e [0.0002,
0.0042]. Adding observational noise to the numerical simulations and filtering them leads to the following values:
max{djim "°“Y} ~ 12, D™ ™ ~ 4.2, and 6™ " € [0.0004, 0.05] (Figure S5 in Supporting Information S1).
The retrieved attractor dimension is on average small (<5). The instantaneous dimension highly depends on the
selected variable for numerical simulations. In fact, max{dﬁim} ~ 13 when using ¢ as variable (Figure 2), but it
reaches 3,455 when using the slip potency rate p (Figure S5 in Supporting Information S1). Considering that we
have used 928 patches, and each is described by five variables, when using p there are some regions in the phase
space that are sensitive to almost all possible degrees of freedom, meaning that the information at almost each
patch is needed to characterize the system in that moment in time. This is not the case for natural slow earth-
quakes, for which max{d}*} ~ 30 if we use either ¢ or p (Figure S6 in Supporting Information S1). This is a
consequence of the much larger range spanned by p for numerical simulations with respect to natural events,
consistent with the differences visually noted before the analysis. The average dimension is less affected, going
from D§™(0) ~ 2.3 to D§M™(p) ~ 5.2. It follows that numerical simulations seem to have a smaller or larger

GUALANDI ET AL.

3 0of 10

858017 SUOWWOD 3AII1D 8|qedt[dde au Ag peuseAob e Sa[o1e YO ‘88N JO S3INJ 0} A%eiq18UIIUO /8|1 UO (SUORIPLIOD-PUR-SWIRY/LIO B 1M ARIq 1 BU1|UO//:SANL) SUORIPLOD PUe SWe | 8U188S *[7202/20/.T] uo A%iqiauluo A8 (1M ‘G¥860T 19%202/620T 0T/I0p/wiod e Ariqijpuluosqndnfe//sdny wouy papeojumod ‘T ‘7202 ‘20087761



A~y )
M\I Geophysical Research Letters 10.1029/2024GL 109845
a Cascadia (filtered) b Simulation (clean) dimension with respect to natural SSEs (D{**({) ~ 3.1, and D}*(p) ~ 3.2)

150 depending on the variable considered. The noise and filter do not substantially
491 affect the local dimension when using ¢ as input variable, but they increase the
48+ 100 estimates of € by one order of magnitude. Using { seems natural because
. equations are integrated using this as a variable rather than the slip rate, and
50 for this reason these are the results shown in the main text.

46
= Figure 3 reports the values of normalized cross-correlation between the local
§ = 0 indices time series and ¢ integrated over the whole area considered for the
T 44 analysis. We notice that d, for natural slow earthquakes correlates with { with
431 _50 two peaks, indicating a time-lag that precedes and follows . This result is in
agreement with (Gualandi, Avouac, et al., 2020), that studied individual
421 100 slipping segments for natural events, meaning that d; tends to reach high
411 values when a slow earthquake starts or ends. We notice that d; for natural
404 485 slow earthquakes correlates with { with two peaks, indicating a time-lag that
" T y precedes and follows ¢. This result is in agreement with (Gualandi, Avouac,

-125 -124 -128 -20 -10 O 10 20 . T L.

Longitude [°] 2 [km] et al., 2020), that studied individual slipping segments for natural events,
meaning that d; tends to reach high values when a slow earthquake starts or
72737475767778 80 85 9.0 95 100 ends. @ instead shows a local peak that precedes the zero time-lag, but the
max{C} [Logao(m?/yr)] max{} [Logao(m?/yr)] results are noisier, with a global peak occurring at larger time delays. The
c cross-correlations for the numerical simulations show a single peak at almost
—9.9 —_ zero time-lag instead. The cross-correlation is higher than for natural slow
%9‘8 m\: earthquakes, but it reduces to similar values when studying noisy (and
E” ! ‘g” filtered) time series. The filter makes the cross-correlation plots more spread.
8977 3 For the local dimension we can still identify a peak with slightly positive
~ 9.6+ M time-lag, but for the local extremal index the cross-correlation is highly
2008 2012 2016 0 50 100 150 corrupted (Figure S7 in Supporting Information S1). The variable p seems
thyl thyl less sensitive to the filtering procedure (Figures S7 and S8 in Supporting

Figure 1. (a) Cascadia slow slipping belt, color coded by the Log, of the
maximum slip potency rate. (b) Same as (a), but for the simulation fault. The
red dashed line indicates the velocity-weakening region here considered as
comparison with the slipping belt in Cascadia. (c) Slip potency rate time

series, obtained after integrating over the whole Casacadia slipping belt of

Information S1). Results for Cascadia are similar, independently of the
chosen variable (Figure S8 in Supporting Information S1).

The double versus single peak observed in the cross-correlation plots has
immediate implications in terms of d; — 0 space readability. Both the d; — @

panel (a). (d) Slip potency rate time series, obtained after integrating over the plots in Figure 2 exhibit a clustering of blue points in the bottom left area of
whole velocity-weakening area in panel (b). Note the necessity to use the plot, indicative of inter-SSE periods. Similarly, they also exhibit a clus-
logarithmic scale for slip potency rates in the simulations to avoid saturation. tering of yellow points on the top right area of the plot. The clustering is much

more visible for simulated data than natural slow earthquake data and might
provide valuable information to determine when the system is approaching a critical transition, that is, moving
from a system scale loading phase to a slipping one and vice-versa. This is particularly true for Cascadia, where d,
reaches maximum values at the start and at the end of the slip event (i.e., before and after the peaking in slip rate).
This peculiar behavior is not ascribable to the filtering procedure because it does not appear in the results relative
to the filtered simulations (Figure S7 in Supporting Information S1).

3.2. Time-Averaged Metrics A,y and H,

max

The analysis of 4,,,, reveals a behavior similar to the one highlighted for chaotic dynamics (Parlitz, 2016). It

max
involves an initial phase where trajectories converge toward the direction of maximum expansion before
revealing exponential divergence, visualized as a linear segment in the semi-logarithmic plot (Figure 4). When the
trajectories of the neighbors continue to evolve, a plateau in the distance emerges. The A,,,,, value, derived from
the slope of the best linear fit in this scaling region, is displayed atop the respective panels. Once the direction of
maximal expansion is reached, there is little influence on the asymptotic estimate of ™

(0.000674 + 0.000008 d™" and 0.00061 + 0.00002 d™! for clean and noisy simulated time series, respectively, see
Figure 4 and Figure S9 in Supporting Information S1).

The values of 4,,,, correspond to Lyapunov times of ~43 d and ~4.1 yr for Cascadia and the simulated time series,
respectively. This discrepancy may be attributed to the difference in inter-event times between the data sets. The
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Figure 2. Left: Cascadia. Right: Numerical simulations, respectively. Top row (panels a and b): time evolution of the instantaneous dimension d;. On the right side of
each panel the probability density function. Central row (panels ¢ and d): same as top row, but for the extremal index 6. Bottom row (panels e and f): instantaneous
dimension-extremal index space. All panels are color coded by the variable used for the calculation of the dynamical indices, that is, Log,, of the slip potency rate.

slow earthquakes are separated by few months in Cascadia and by several years for the numerical simulations. As
a consequence, two nearby trajectories in the simulations may spend more time in the almost linear inter-event
regime, giving a larger Lyapunov time. Nonetheless, we retrieve a positive 4,,,, for the spatio-temporally

a Cascadia (filtered) 0 :!;J e Simulation (clean) f
' 08
0.2
0.5 0.7
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3 -0.25
-02 . 0.45/
-2500 0 2500 -30 0 30 -5.0x10* 0 5.0x10% -250 0 250

t[d] t[d] t[d] t[d]

Figure 3. Left: Cascadia. Right: Numerical simulations. Top row (panels a—b and e—f): normalized cross-correlation between d, and the observable { calculated as the
Log,, of the slip potency rate integrated over the whole slipping region. Bottom row (panels c—d and g-h): Same as top row, but using the local index 6.
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a Cascadia (filtered) b Simulation (clean) coarsened numerical simulations, also in the clean case. We calculated A,,,,
150 1 for periodic daily time series with 1 year period, obtaining no positive values:
491 the sensitivity to initial conditions is not dictated by the temporal coarsening,
48- 1001 but is likely a characteristic of the system under study.
471 To compare the differences in the degree of complexity between the natural
46 50 and simulated cases, we also calculate the normalized spectral entropy, Hy,,
= depicted in Figure 4. It is computed for the time series corresponding to each
5 i) -
3 4 E o patch, showcasing the spatial variability of Hg,, with Cascadia results on the
T 44+ * left and numerical simulation outcomes on the right. We also calculate Hy, for
431 _50 periodic signals (with 1 year period and randomized initial phase) and nor-
mally distributed noise for a number of time series equal to the num-
He 100 ber of patches of the two data sets. These signals should have Hy, equal to
411 0 and 1, respectively. This calculation provides an expected value and a
ihs - standard deviation given the temporal sampling and number of available
- , , —————————— points. We obtain HPo4ic = 0,195+ 0.003 and H™" = 0.944 + 0.002
-1256  -124  -123 -20 -10 0 10 20 P sp
Longitude [°] z [km] for the seasonal and random signal for the Cascadia conditions,
1 and H%"% = 0.1361 £ 0.0001 and A3 = 0.9585  0.0003 for the simu-
0.4250.450 0.475 0.500 0.525 0.25 0.30 0.35 . . . P .
Normalized Her(0) Normalized Hsp(Q) lated data set. This means that the daily temporal sampling is likely partially
masking the true nature of a periodic signal, resulting in a non-null spectral
G 0,050 1 0 0004 Titavs d A = 0.000674 + 8.0e-6 1/days entropy. Moreover, for random time series the normalized spectral entropy is
< 4 & -2.407 slightly smaller than unity, likely because of the finite length of the available
o o
B -4.21 B -2.45 time series. The results obtained for Cascadia and simulated SSEs clearly fall
° °
5431 2 _050- in the between of these two categories, showing once more the aperiodic but
E -4.44 E not purely random nature of this phenomenon.
-2.55 1

0 10 20 30 40
t[d]

0 100 200 300
t[d] 4. Discussions

Figure 4. Left: Cascsadia. Right: Numerical simulations. Top row (panels a The predictability horizon, estimated as the inverse of the maximum Lya-

and b): Normalized spectral entropy for every time series associated with a punov exponent 4

max» 1S an average, asymptotic quantity. When predicting an

slipping patch. Bottom row (panels ¢ and d): Log-distance £, evolution with extreme event, like a slow earthquake, we are interested in the instantaneous

number of time steps. Red dashed line indicate the scaling region considered

for the estimation of 1

‘max*

predictability of the system, and not just its average asymptotic behavior. The
local (or instantaneous) extramal index € shows lower values (i.e., longer
persistence and, likely, higher predictability) during the inter-event time,
where the dynamics could be linearly approximated. This is the case when using the slip potency rate or its
logarithm, but if we use directly the slip potency as input variable we observe low values of 8 during the pre- and
post-SSEs periods (Figure 2 and Figure S6 in Supporting Information S1). It is known that the selection of the
variable under exam can affect the retrieved dynamical indices of the system (e.g., Lorenz, 1991). Future in-
vestigations will be focused on a detailed sensitivity analysis on how the local indices vary depending on the
selected input variable.

Here we focused on the effects induced by corrupting numerical simulations in such a way to reproduce con-
ditions available from real-world data. The increase of about one order of magnitude in 8™** when we corrupt and
filter the numerical simulations indicates that this disturbance is the primary cause of uncertainty for short-term
predictions of the system. If we were converting the information on @ into a predictability horizon, we would get a
minimum value of about 241 d for clean numerical simulations, and this would reduce to about 34 d after filtering
the noisy simulations. For Cascadia the minimum predictability horizon is estimated to be about 5 d, similar to
what obtained studying the slipping segments individually (Gualandi, Avouac, et al., 2020). This value is about
one order of magnitude smaller than the predictability horizon of ~43 d obtained from A,,,. Similar values
(30 — 45 d) were recently obtained estimating 4,,,, from displacement GNSS time series in New Zealand under
the assumption that the observed displacement can be ascribed to fault slip (Truttmann et al., 2024). In the same
work, the correlation dimension, which is another asymptotic property of the attractor, has been calculated,
obtaining values smaller than five. We want to remark here the importance of getting instantaneous information
about the system, because the asymptotic behavior of the system may be of limited practical utility when dealing
with extreme events.
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It is also important to notice that the Lyapunov exponent that we have calculated has been retrieved after a spatio-
temporal coarsening of the true simulations. Deterministic non-chaotic time series with coarsened temporal
resolution could give rise to positive 4,,,, (e.g., Gualandi et al., 2023). In practice, we have estimated all the
proposed metrics at a mesoscopic scale. It is possible that at a miscroscopic scale the unpredictability is even
stronger, with larger Lyapunov exponents (Falasco et al., 2015). Even if we are unable to assess the nucleation
phase in its microscopical details at the current spatio-temporal resolution, we still may be able to attempt
forecasts of the large-scale behavior. This is similar to weather analysis, where the maximum Lyapunov expo-
nents associated with eddies of boundary layer turbulence provide predictability horizons of fractions of a second,
but this does not prevent reliable forecasts up to several hours (Siegert & Kantz, 2016). Given the detrimental
effect of observational noise on the estimated predictability horizon, we think that an area of research to further
develop is the one focused on better extracting the tectonic signal from geodetic GNSS time series (e.g., Cos-
tantino et al., 2023).

Both real-world and simulated data exhibit chaotic characteristics, with exponential divergence of nearby tra-
jectories (Figure 4) and a fractional average dimension. The simulations here considered are fully deterministic,
but the nature of this chaotic behavior in real-world data, deterministic (as in the classic Lorenz63 system
(Lorenz, 1963)) or stochastic (as in random attractors (Crauel et al., 1997, Faranda, Sato, et al., 2017; Gualandi
et al., 2023)), is not clear. On the one hand, the low-average dimension suggests that a reduced order model might
be suitable to describe the system. On the other hand, high instantaneous dimensions indicate that extra dof, likely
corresponding to fast dynamical modes or small-scale perturbations, must be accounted for either with a high-
dimensional deterministic system or by a low-dimensional stochastic system. Real-world faults are clearly
affected by stress redistribution due, for example, to static and dynamic stress transfer induced by nearby or far
earthquakes (e.g., Belardinelli et al., 2003; King et al., 1994), post-seismic relaxation processes (e.g., Gualandi,
Liu, & Rollins, 2020; Perfettini & Avouac, 2004), SSEs (e.g., Radiguet et al., 2016), rainfall (e.g., Hainzl
etal., 2006; D’ Agostino et al., 2018; Pintori et al., 2021), volcanic activity (e.g., Chen et al., 2019), human activity
(e.g., Smith et al., 2019). For the particular case of slow earthquakes, these can be affected also by ocean and solid
tides (e.g., Hawthorne & Rubin, 2010; Rubinstein et al., 2008). Because of the lack of detailed knowledge of the
stress perturbations, Stochastic Differential Equations (SDE) might be a more suitable framework to describe a
complex phenomenon like frictional sliding in nature (Gualandi et al., 2023; Matthews et al., 2002), allowing us to
consider the effect of these extra dof. SOC suggests that earthquake unpredictability is caused by critical fluc-
tuations due to infinite many dof rather than a low-dimensional chaotic behavior of the system (Bak &
Tang, 1989). Here we have shown that the existence of many dof (i.e., d]"* > 10) can be reconciled with a small
average dimension (D, < 5), contributing to the debate about the possible interpretation of earthquakes as a SOC
phenomenon or not (Main, 1999; Main & Naylor, 2008). Future developments will aim at finding features that can
enable us to distinguish between the two aforementioned possibilities to enact complex behavior (deterministic
high-dimensional ODE/PDE on the one hand and low-dimensional SDE on the other hand).

We tested the effect of observational noise on the retrieved dynamical indices. For the estimate of 4,,,, noisy time
series reach the scaling region in the E, graph in more than 200 d (Figure S9 in Supporting Information S1), that
is, more slowly with respect to the noise-free case (less than 150 d, Figure 4, panel d). Moreover, the log-distances
are smaller if compared to noise-free time series, an effect that might be due to the filtering procedure. Obser-
vational noise distorts the estimated indices, but is not sufficient to explain the higher complexity of natural slow
earthquakes. To further characterize the complexity of the system we used the power spectral entropy (Llanos
et al., 2017). Cascadia time series have Hy, larger than the simulations, indicating a less periodic-like behavior.
The addition of noise brings the maximum H, for simulations at values similar to the minimum of Cascadia,
suggesting that some complexity in the natural case is still not captured. The values obtained are clearly in be-
tween a fully periodic system and a completely random process. Figure 4 reveals an intriguing feature for
simulated data: the regions with lower Hy, are those where SSEs tend to nucleate. For Cascadia, low H, is either
at the edges of the fault or where fault strike varies. It is well known that fault complexities can result in het-
erogeneous stress fields and complex interactions among various segments (e.g., Cattania, 2019; Romanet
etal., 2018). H, might offer a way to determine the resulting segmentation, for instance by connecting the blue
regions (low values of H) in Figure 4.

In all cases, we found d{"™ > 10. This high local dimensionality is likely due to the nature of the system, which is
complex and with interactions among many of its parts. This is another way in which the observed segmentation is
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likely manifesting, suggesting that the measured dimensions might be representative of a sub-system, coupled
with other subsystems at different spatio-temporal scales (e.g., Tsonis & Elsner, 1988). However, the causes of
the segmentation between Cascadia and simulations seem to have different origins. For the natural case we
discussed how the stress field could be continuously externally perturbed. When numerical simulations of the
seismic cycle are properly extended to the continuum limit, it is common to observe periodic behavior
(Rice, 1993). For the simulated case the perturbation took place at the beginning, assigning a random stress field
that generated the heterogeneity necessary to develop the segmentation. This difference is subtle, but not irrel-
evant. Indeed, the perturbations applied should not be frozen in time (i.e., applied only to the initial condition), but
evolve.

In conclusion, this study provides new insights into the chaotic behaviors and dynamic complexities of slow
earthquakes and a stride toward more accurate slow earthquake forecasting and modeling. The comparison be-
tween sophisticated numerical simulations and real-world data has pinpointed areas requiring further refinement
in our modeling approaches. To enhance the predictive accuracy and reliability of earthquake models, it is pivotal
to reduce observational noise and integrate evolving stress perturbations. Furthermore, the exploration of
ensemble forecasting and the incorporation of kinematic information into seismic cycle predictions are crucial
future endeavors.

Data Availability Statement

The data and code are available on Zenodo (Gualandi et al., 2024). Calculations have been performed modifying
the library NonlinearDynamics.j1 (Datseris, 2018; Datseris & Parlitz, 2022).
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